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Abstract 

The aim of this work is to achieve a formulation of the bosonic string 
theory in which T-duality appears as a manifest symmetry. Two models 
satisfying this requirement are discussed. The first is based on the stringy 
extension of the Floreanini-Jackiw Lagrangians for chiral fields and is char¬ 
acterized by the loss of manifest covariance on the world-sheet, recovered on 
mass-shell. The second model exhibits a manifest two-dimensional invariance 
while doubling a priori the string coordinates in the target-space. They are 
shown to be equivalent. 
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1 Introduction and Motivation 


In (bosonic) string theory, the presence of compact dimensions implies the existence 
of two different kinds of modes: the momentum modes p a = k a / R which are quan¬ 
tized ( k a 6 Z) along such dimensions and the winding modes w a . The latter are 
defined through the periodicity condition of a closed string along a compact dimen¬ 
sion, X i a (r, cr + 7r) = X a (r, a) + 27 rRw a with w a G Z and represent the number of 
times the string winds around it. On the other hand, to each compact dimension 
X a = X£(t + <t) + Xr(t — a) one can associate the corresponding T-dual dimension 
X a = X C j (t + a) — Xft(r — a) obtained by sending: 

XI -+ XI ; X% -X% . 

In this way, the winding number w a becomes the momentum associated with the 
dual coordinate. 

T-duality is an old subject in string theory (for a recent review, see ref. [2j): 
it implies that in many cases two different geometries for the extra-dimensions are 
physically equivalent. It constitutes an exact symmetry for the bosonic closed string 
and, in the case of the simplest compactihcation of one coordinate on a circle of 
radius R (and in the presence of only the background metric), is encoded by the 
following transformations: 

d a> 1 

R O — ; k -B- w 

R 

which leave the string mass spectrum invariant. The interchange of w and k means 
that the momentum excitations in one description correspond to the winding mode 
excitations in the dual description and viceversa. T-duality symmetry is a clear 
indication that ordinary geometric concepts can break down in string theory at the 
string scale. 

In a background made by a tensor metric G and a Kalb-Ramond held B , the 
string living on a d-dimensional torus exhibits a T-duality group 0(d,d ; Z). This 
symmetry is reminescent of the duality 0(D , D) appearing at the classical level as a 
continuos symmetry in D non-compact spacetime dimensions. After the compacti¬ 
hcation of d — D — n dimensions, then it breaks into 0(n, n) <E> 0(d, d; Z). 

The 0(D,D ) symmetry can be explicitly inferred from the string Hamiltonian 
and the constraints of the theory [3]. 

Consider the usual action of a bosonic string in a (G, R)-background and in the 
conformal gauge: 

S = - [ [G IW dX IJ A *dX v + B tlv dX >J A dX v ) (1) 

2 J s 

where the Hodge operator is defined in terms of the metric h = diag(—1,1) of 
the two-dimensional world-sheet £. The equation of motion for the coordinate X^ 
generated by S is the following: 

d * dX ,J + ri p dX v A *dX p = ^G ,jrJ H rJVf) dX v A dX p (2) 
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being T^ p the coefficients of the Levi-Civita connection defined on the tangent space 
of the D -dimensional target space in which the string moves. 

The equation of motion for the world-sheet metric implies, as it is well-known, 
the vanishing of the energy-momentum tensor which turns out to give the following 
constraints: 


G^i X»X V + X'XX W ) = 0 ; G IW X> J X ,IJ = 0 (3) 

with the usual convention of defining X = d T X and X' = d a X. After introducing 
the canonical momentum P p conjugate to the coordinate 

= ^ = r , (4) 

once can rewrite the Hamiltonian in terms of a generalized 2D-dim vector 


as follows: 


A i 


d a X» \ 

2 na'P^ ) 


i = !,■■■ ,2D 


H(X-,G,B) = A t M A 

v ' 47ra' 


where M is the so-called generalized metric W- 


M 


G - BG~ l B BG~ l \ 
—G~ l B G~ l ) ' 


(5) 

( 6 ) 

(7) 


The constraints can also be expressed in terms of M. In particular, the second 
constraint in Eq. d3J) can be rewritten as A t MA = 0 and sets the Hamiltonian to 
zero, while the dynamic is completely governed by the Erst constraint in Eq. ()3j) 
rewritten as: 

A l VtA = 0 with n= ( J J ) . (8) 


Here is the metric left invariant by an element of the group 0(D, D) defined by 
the matrices T satisfying the condition T l VtT = fl Hence, all of the generalized 
vectors solving the constraints are related by 0(D , D) transformations. This shows 
how the 0(D,D) invariance emerges very naturally in the bosonic string model. 

In particular, in the presence of constant G and B as background, the equations 
of motion for the string coordinates provide a set of conservation laws on the world- 
sheet, written in terms of conserved corrents ./“ here defined: 

' h 1 


J'l = G uv df x X v + e^B^X" with d Q J“ = 0 (9) 
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which, locally, can be expressed in terms of a new coordinate A through the iden¬ 
tification: 


A = (io) 

Eq. (PHD provides the definition of the dual coordinate X fl of X^ and reproduces, 
for B — 0, the known duality relation between A" and A": 

G^d a X” = -e^dyX, . 

In terms of the held A", the dual action S reads as: 


5 = 


dX' J A *dX u + dA M A dX v 


( 11 ) 


and the two actions, S and S are obtained from each other under the exchanges: 

G <->• G = G - BG~ X B B^rB = -GB~ x G (12) 


corresponding to the following transformation of the generalized metric: 

M ->■ AT 1 . (13) 

It is interesting to note that the equations of motion for the coordinates (A, A) 
can be combined into the following single equation invariant under 0{D, D) trans¬ 
formations: 


Md a x = e a/3 d p x with 



(14) 


If d space coordinates are compactihed on a d-torus T d , then the dual coordi¬ 
nate A" will satisfy the same periodicity conditions as A". For closed strings such 
compactihcation means the following periodicity conditions: 

d 

X a (<j, r) = A a (cr + 27r, r) + 2irL a with L a = 

i=l 

where Wi is the winding number and the vectors e“ with i — 1, • ■ ■ , d form a basis 
on T d . Therefore, the continuous 0(D,D ) duality generates the duality symmetry 
0(d, d; Z) on the torus. 

These features make it tempting to construct a theory having an 0(D,D) in¬ 
variance at the very beginning. 

A sigma model satisfying this requirement was proposed by A. A. Tseytlin [5j 
and in it the 0(.D, D) invariance is manifested by introducing the set of coordinates 
(A M , Xfj) (with fi = 1,..., D) in the doubled 2D-dimensional target space [1]. Re¬ 
cent developments of Double Field Theory [EHH] have the same inspirations. The 
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world-sheet sigma model proposed by Tseytlin does not have manifest covariance 
but this is recovered on-shell. 

Another model, due to C. Hull [TU] . exhibits a manifest two-dimensional in¬ 
variance while doubling a priori the string coordinates in the target-space. More 
precisely, Hull starts with a covariant action involving a double number of coor¬ 
dinates and the 0(D,D) invariance is generated when a self-duality constraint, 
halving the degrees of freedom, is imposed. 

The classical and quantum properties of these two models are going to be dis¬ 
cussed in this work, showing their equivalence. 

Further aspects of double string theory actions have been studied by other au¬ 
thors mm- 

As a consequence of doubling the space-time coordinates, the spectrum states of 
a closed string must be described by vertex operators which must include (A, A). 
This occurs also for the winding modes which appear in the spectrum of a closed 
string living on a torus. The torus vacuum can therefore be perturbated by such 
operators, leading to other possible vacua corresponding to two-dimensional held 
theories with interactions depending on (A", A"). In the underlying two-dimensional 
local Quantum Field Theory one must treat (A, A) as independent scalar fields 
which appear to be dual to each other on the mass-shell and in the absence of 
interactions. 

The first step of this program would be to find the Lagrangian of the free scalar 
two-dimensional fields X and A and this must describe D and not 2D degrees 
of freedom in order to establish a correspondence with the standard formulation. 
The second step would be to introduce the possible interaction terms and to de¬ 
termine, through the Renormalization Group how equations, which of them, in 
particular, correspond to string vacua. Furthermore, in the extended formulation, 
the symmetry under A f-)- A must be implemented as an off-shell symmetry of the 
world-sheet action. This makes the duality invariance of the scattering amplitudes 
and the effective action manifest. 

From the extended formulation one can recover the known results for the parti¬ 
tion function and the scattering amplitudes of the usual formulation - which involves 
only the coordinates X - under the hypothesis that the interaction terms would not 
depend on A. In this way once can integrate A out in the path-integral of the 
double theory, reproducing the usual results for the partition function and the scat¬ 
tering amplitudes. This happens when the compactihcation radii are much larger 
than the string length: in this case, indeed, the winding modes result to be massive 
so that the relevant interactions are only dependent on A". At intermediate scales 
at which the compactihcation radii are of the same scale as the string length, the 
interaction terms are dependent on both the coordinates A and A". At small scales, 
when compactihcation radii are much smaller than the string length, the relevant 
interactions are dependent on A. 

The above considerations show that the T-duality symmetric formulation of 
string theory can be considered a natural generalization of the standard formulation 
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at the string scale. 


2 A Simple Model: Free Scalar Field Theory in 
2 dimensions 

Before discussing the double string model proposed by Tseytlin (5], it is interesting 
to consider first the usual Lagrangian of a two-dimensional scalar field <ft with the 
aim of rewriting it in a manifestly invariant form under the exchange of (ft with its 
Hodge dual eft. The starting point is therefore: 

£ = ~d a (ftd a (ft = ^ (j) 2 - eft") with 7 i ab = ^ () 1 ^ (15) 

giving the free two-dimensional wave equation as equation of motion for (ft: 

(dl - d 2 )eft = 0. (16) 

It is well-known that such a field admits a Hodge dual defined by: 

d a (ft = —e a bd b (ft or, equivalently * deft = deft. (17) 

and satisfying the same equation of motion as eft in (TT6|) . Therefore, the exchange 
eft O eft is a symmetry of the theory. 

The Lagrangian density C can be rewritten in such a way that the two fields (ft 
and (ft appear on equal footing with a manifest invariance under (ft f->- (ft. In order 
to achieve this goal, two steps have to be made. The first consists in rewriting C in 
a first order form as follows, after introducing the auxiliary field p: 

C —> £'\p, <ft] — pep — -p 2 — -eft 12 providing p = eft . (18) 

The second step consists of introducing a Lagrange multiplier b that takes into 
account the constraint (ft = eft': 

C! -)• C" = p<ft- ^ p 2 - \^ 2 + b(p - (ft'). 

Solving the constraint provides the Lagrangian density: 

£"[</>, (ft] = H' - - ^(ft' 2 

that in turn, after an integration by parts, can be rewritten in the following form 
symmetric under (ft (ft: 

Csym = + \(ft'(ft - \(ft' 2 ~ ■ (19) 
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The first observation is that the requirement of the latter symmetry has destroyed 
the Lorentz invariance, but it will be demonstrated soon that this is recovered 
on-shell. The equations of motion for (f> and </> derived from C sym are: 


0 —t d a 


d a (f) - d T (f) 


0 


0 —> da 


d a 4> - d T (t) 


0 


satisfied, respectively, by the solutions: 

d a (j) - d T cf) = f(r) 

- d T (f) = /(r) (20) 


At this point one can invoke another symmetry of C sym under the transformations: 

</>->0 + 3 ( a ) ; 4 >^ 4 > + g ( r ) ( 21 ) 

so that the two functions /(r) and /(f) can be gauged to zero and in this way the 
solutions reproduce on-shell the duality conditions (fTTjh 

Furthermore, one can observe that also the Lorentz invariance is recoverd on- 
shell. In fact, Cgym is invariant under the transformation: 

8(f) = T(f) + o(f>' and 8(f> = t (j) + acf> (22) 


which, if the duality conditions </> = (// and (j) 1 — (j) (valid on-shell, as above shown) 
are taken into consideration, reproduce the usual two-dimensional Lorentz rotations 

on-shell. 

The symmetric Lagrangian C sym can be diagonalized by introducing a pair of 
scalar fields (f> + and 0_ defined by: 


(f) = 


1 

7! 


( 0 + + 0 -) 



( 0 + - 0 -) 


(23) 


in terms of which it becomes the sum of two Lagrangians, one depending on (f> + and 
the other on 

Csym — £+( 0 +) + £-( 0 _) (24) 

with 

c±(<t>±) = ±5^± - \$l ■ (25) 


Here, C + and are the Floreanini-Jackiw Lagrangian densities [15] for chiral and 
antichiral fields. In fact, the chirality and the chirality conditions, respectively for 
and 0_, are obtained by solving the equations of motion that one can derive 
from ( 1231 ) : 


0+ ~^ da 


0 ; 0_ —> d a 


0 + + 


0 


(26) 
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and noticing that, as already seen for the Lagrangian density C sym , due to the 
symmetry under 

4>+ -»• <t>+ + g(r) ; </>- ->• 0- + g{r) , (27) 

one can gauge to zero the arbitrary functions /(r) and /(r) appearing in the solu¬ 
tions of the equations of motion (l26lh 

0 + - 0 + = f(r) ; 0 + 0 '_ = /(r) . 

The Floreanini-Jackiw Lagrangians are hrst-order and, in the case of a discrete 
number of degrees of freedom q l with % — 1, • • • , N, they look like: 

L = — V(q) with det c i3 7 ^ 0 . (28) 

They are characterized by N primary constraints: 

T i = Pj ~ \<t c H , 

where p 3 is the momentum canonically conjugate to q 3 . These are second class 
constraints, since Q t j = {T il Tj} pB = c l3 7 ^ 0 . 

In order to quantize the theory described classically by the Lagrangian (J28]), the 
Dirac quantization method has to be applied with the corresponding brackets. It 
is worth reminding that the Dirac bracket of any two functions of the phase space 
variables is defined in terms of the corresponding Poisson brackets as follows: 

{/> 9}db = {f 1 9}pb ~ {/> Tj} PB (Q )jk {Tk,g} PB ■ 

According to the usual transition rule i{f,g} DB —>• {f,g} from the classical to the 
quantum theory, the following commutators are obtained: 

[QuQj] = icij 1 i h,Pj\ = 2 * S ij l \PuPj\ = ■ (29) 

The two Lagrangian densities C + and £_ can be rewritten in such a way to put in 
evidence the structure in eq. (T28|) by making, respectively, the following correspon¬ 
dences: 

Q l X(v) = ±0±(o‘) 

together with 

V(q) ->• ^ J dax 2 (cr ) ; c l3 ->• ^ e(a - a') ; ^ d a e(a - a') = 5(a - a') . 
Both of them can be put in the same following form: 

£ ± = i y dada'x(a)e(a - a')x(cr') - ^ j dax 2 {cr) (30) 
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with the momentum conjugate to x(cr) being given by 


vr(a,r) = ^ j da'x(a',r)e{a - a') 
while the primary second class constraints read as: 

0((x, r) = vr(a, t ) ~\J da 'x(°', r)e(ar - a) . 

Then, the Dirac quantization method yields straightforwardly to the following com¬ 
mutators: 

[<M<bT),0±(cx / ,T / )] = ±i(<x-<x') 

[0 ± (cr,r),7r ± ((T , ,T')] = l -5\a-a') 

[7T ± ((T,T),7r ± ((j / ,T')] = - l -e(a - a') . (31) 

ft is very interesting to see from the first of the above commutators that <j>± or, 
equivalently, 0, 0 behave like non commuting phase space-time coordinates. This 
aspect of non-commutativity emerges very naturally in this context as a consequence 
of requiring the explicit symmetry of the Lagrangian density (fT5l) under 0 0. 

3 Non-covariant action (Tseytlin): classical and 
quantum aspects. 

In this section classical and quantum aspects of the action proposed by Tseytlin [5] 
are discussed. It has the property of showing an explicit 0(D,D) invariance but 
is characterized by the loss of the Lorentz covariance that is, however, recovered 
on-shell. 

The starting point is the Lagrangian density (l24j) written for D scalar fields y* 
and in the most general background: 

S[e a a , xi = ~ J d 2 i e [CijVoX* Vix j + Mij V lX ! ' V lX j ] (32) 

with i = 1,... ,D and where C)_j and are symmetric matrices and e a a (a is 
a flat index while a is curved) is the zweibcin appearing in the definition of the 
derivative covariant of the scalar held \ 1 '- V a x* = e a Q (9 a x*- The action (l32j) exhibits 
the following local invariances: 

• invariance under two-dimensional diffeomorphisms —> ^ /a (^) ; 

• invariance under Weyl transformations e a a — y A(^)e a Q 


Furthermore, the action (j32j) must be invariant also under the following finite trans¬ 
formation involving the zweibein, since physical observables are independent on the 
latter: 


e 


la 

a 


A“„(£F 


(33) 


Here, A^(£) is an arbitrary ^-dependent Lorentz Sk+l, 1) matrix. This hnite trans¬ 
formation on e a a induces the following inhnitesimal one: 

= ++)d (34) 


with oj ab = — oj ba . In particular, the choice (n a fe (£) = a(£ } )e a b can be performed. 
But the action d32|) is not manifestly invariant under such transformations, so the 
requirement of on-shell local Lorentz invariance has to be imposed and this implies 
the condition: 

e ab t ab = 0 with t a b = --^-e b a . (35) 

e oe a 

The explicit expression for t b can be straightforwardly computed from the action 
(l32j) and it results to be: 


t b = 4,';• .ihyYix'Y, v'j 

+S b 0 C ij V aX i V lX j + SlCijVox'VaX 1 + 25 b M ij W aX i V lX j . (36) 

Moreover, the Weyl invariance makes the trace of tensor t b vanishing, i.e. t a a = 0, 
while the equations of motion = 0 for e a imply t b = 0. 

The invariances under diffeomorphisms and Weyl transformations, together with 
the local Lorentz invariance that holds on-shell, allow to choose the flat gauge 
e a a = <5“ for the zweibein. 

In the case in which the matrices C and M are constant , the equation of motion 
for X l can be straightforwardly derived: 

di [Cijd oX j + Mydrf] = 0 (37) 


with the following surface integral: 

/ +oo 

drS X z ( Cijd oX J + Mijd lX J ) 

-OO 

From eq. (j37l) one obtains: 


( 7=0 


^ 6+00 
+ 2 + 


drCij pi\ MY] 


(38) 


CT—0 


Cijd 0 x’ + MijdjX 1 = 9iW 


(39) 


being gflr) an arbitrary r-dependent function. It is crucial, at this point, to observe 
that, with C and M constant, the action ([32]) has a further local gauge symmetry 
under the following transformations: 

X i ^X* = X i + f i (T,<T) (40) 
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with the functions /* satisfying Vi/ ! = 0 and the same boundary conditions as the 
fields x and x'- This shift symmetry, that generalizes the one already seen in the 
case of a single scalar held in (|27j) . leaves the equation of motion invariant and can 
be used, in the hat gauge, to hx C dof — g. As a result one has: 

Cijdox? + M tJ diX j = 0 (41) 

and the boundary conditions reduce to: 

(7—7T 

= 0 . (42) 

tj—0 

This term is vanishing when <5y* = 0 (ensured by a periodicity condition in a 
imposed on %*) or, alternatively, when d 0 x l = 0 at a = 0,7r. 

In the hat gauge and along the solution of the equations of motion, one can see, 
after some calculation, that the condition e ab t a b = 0, previously discussed, implies 
the following relation between the matrices and 

C — MCM . (43) 

If one notices that the matrix C can always be put, after suitably rotating and 

rescaling xf, in the following diagonal form: 

C = diag(l, ■ ■ • , 1, -1, ■ ■ ■ , -1) (44) 

with p eigenvalues 1 and q eigenvalues —1, then eq. (143|) dehnes the indefinite 
orthogonal group 0(p,q) of A x iV matrices M with N = p + q (with p,q still 
undetermined at this level) in K p,q . With this expression of C, it is simple to 
see that the action (1T21) describes two-dimensional scalar p chiral and q antichiral 
helds and the requirement of absence of a local quantum Lorentz anomaly implies 
p = q = D with 2D = N. Correspondingly, the action S in eq. (1321) describes a 
mixture of D chiral scalars x~ an< 4 D antichiral scalars x+- 

It is very interesting to observe how the requirement of local Lorentz invari¬ 
ance imposed through the condition (1351) has led, in a very natural way, to the 
interpretation of C as a metric in a 2D-dimensional target space with coordinates: 

X l = (X-,X+) ds 2 = dx l Qj dx 3 i = !,■■■, 2D and p = 1 , ■ ■ ■ , D . 

At this point, one can make a change of coordinates in the target space by 
defining a set of new chiral coordinates: 

A '* = 71 w + x - ] A = TfA ht - *-) • 

In these new coordinates, the 0(D,D) invariant metric C becomes the following 
matrix: 

Cij =-% = -( °,r V ) (45) 


1 

2 


r*-|-oo 


drC tj [doX j W] 
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while the condition (1431) transforms into the constraint M~ l = on the 

symmetric matrix M that has 77 2 = 77(77 + l)/2 + 77(77 — l)/2 independent el¬ 
ements and, therefore, it can be parametrized by a symmetric matrix G and an 
antisymmetric matrix B. The expression for M, defined np to a sign, being the 
above constraint quadratic in it, is: 


Mij = ± 


{G-BG~'B)„ V {BG~X\ 
{-G~ l By v ( G~ l y u ) 


(46) 


In ref. [TJ it has ben shown that only the positive sign of M determines a positive 
definite Hamiltonian. Therefore, M is considered positive in eq. (1461) . In the new 
system of coordinates the action (1641) reads as: 

S = \J d^e >), ; Vo\ ; V,v' - •'/'./V i \ 'Y| \ j \ . (47) 


It is invariant under the 0(77,77) transformations: 

x' = Kx ; M' = 77~*M77~ 1 ; 77*1277 = 12 77 G 0(77, 77) (48) 


showing that the background itself suitably transforms. The matrix 12 is immedi¬ 
ately seen to belong to 0(77, D ) and, in particular, when 77* • = , the action (j47j) . 

expressed in terms of and X tl 


S = - ) d 2 ie [VqA^ViX m + - (G -BG^V 1 X^ 1 X U 

- (B G-^V^V^ + (G- 1 ByyjiXxX v - {G~ 1 y v X l A^ViXj (49) 


exhibits what in string theory will become the more familiar T-duality invariance 
under A" -H- A" with a consequent transformation of the generalized metric given by 
M M~\ 

One can conclude that the sigma-model action 

S[e%, xi = -yf^e [Cij V 0 x l V lX J + .l/, ; V, X ' V,\'] (50) 

even if non-covariant, is the candidate to describe a bosonic string with a manifest 
0(77, 77) duality invariance. In eq. (1501) the usual string tension T = where l 
is the fundamental length of the theory, has been introduced. In particular, if the 
string lives on a torus T d , then such symmetry becomes 0(<7, d ; Z) for the compact- 
ihed dimensions and the functions x* provide the string coordinates satisfying the 
periodicity conditions: 

A" a (r, a + 7r) = X a (r, a) + 2nlw a ; X a (r, a + n) — X a (r, a) + 2-nl 2 p a (51) 
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with a = 0, • • • ,d and with ( w a , lp a ) being the components of a vector spanning a 
Lorentzian lattice A d,d . 

It is possible to reconduce the action (l50l) to a sum of Floreanini-Jackiw Lagra- 
gians by block-diagonalizing simultaneosuly C and M through the matrix pFJ: 


(T-'y = T 


(G~ l y u (G- 1 )^ \ 
{-E^G-X (EG- 1 ); ) 


(52) 


where E = G + B. In fact, the matrix T 1 transforms C and M respectively into: 


T-CT- = ( G 0 1 _ ) s C-‘ ; = ( G 0 ‘ Jh ) - C-‘ (53) 


and introduces new chiral coordinates = %jX J = (X Rfl , X Lfl ), in terms of which 
the R and L sectors are completely decoupled also in the presence of the R-field. 
The matrix Q~ l is the generalized metric in the chiral coordinates system. 

In the flat gauge, previously introduced, the action becomes: 


S = 


T 

2 " 


d 2 ^ 


±-d 0 xl R G 


-'diX L , R - -d.X] 


L:rG 


-1 


d,X 




(54) 


which is just the realization in the double string theory of the Floreanini-Jackiw 
Lagrangians (1251) with a nonvanishing Kalb-Ramond held as background. Eqs. 
(1431) and (1411) can be rewritten in terms of the Hodge duals of dX R and cLyJ! as, 
respectively, the chirality and anti-chirality conditions: 


* dX R — dX R i * dX L — — dX R . (55) 

The solution of eqs. ()55jl . with identihcations on the torus now rewritten as: 
X Rfl [T - (a + 7r)] = X Rfl (r - a) - 2n l 2 p Rf 


with 


is given by: 


~lPR 

IPL 


= T 


w 

Ip 


X r (t -a) = x r + 2 l 2 p R (r - a) + il^ 

n^O 

X l (t + a ) = x l + 2 l 2 p L (r + a)+ il^2 

n^O 


2 Prh 

(56) 

2 Plh 

(57) 


(58) 

k —2in(r—cr) 

' n 
) 

(59) 

a n 2 in(r+a) 

n 

(60) 


2 The conventions used here for p -forms in a D-dimensional space-time with metric G hav¬ 
ing signature (—, -|-( £,_1 )) are the following: W(„) = A dx^ n and *W( n ) = 

ni(D-n)\ e "i■ ■ ■’'D-n m■ ■ .fa "' IJn dx ui A dx Vn with e°- D_1 = 1. 
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formally identical to the usual expansion of the right and left bosonic string coor¬ 
dinates. 

It is convenient to introduce, at this point, the world-sheet light-cone coordinates 
cr + = r + a and = t — a. In terms of them, the components of the tensor t b a 
turn out to be: 


4+ = d+XjtG-'d+Xn + d + X[G- l d + X L - 2d+X t L G~ 1 d.X L 

t__ = d-X^G-'d-XR - d+XlG-'d-XL - 2d + X t R G~ 1 d.X R (61) 

while the Weyl invariance imposes 4- = — with 

4- = ~\e ab t ab = d_XlG- l d_X L - d+X^G-'d+XR (62) 

and d± = |(<9 0 ± 4)- The quantity defined in (l62j) of course vanish on-shell, while 
the other two quantites in (j6Tj) have to be seen as contraints to be imposed at 
the classical and quantum level. In the following, the constraints are going to be 
evaluated on the solution of the equation of motion for X R and Xl, according the 
standard procedure followed in string theory. These constraints, on-shell, become: 

4 + = d+XlG-'d+XLRiO 
t __ = d-X^G^d-XRfa 0. 


and they look like the contraints for the energy-momentum tensor in the usual 
bosonic string theory leading to the Virasoro algebra. The constraint 4- ~ 0 is 
already satisfied on-shell. 

Having put our Lagrangian in the Floreanini-Jackiw form, it results to be lin¬ 
ear in time derivatives, hence it has also primary constraints, besides the above 
mentioned constraints: 

*r(Pr, Xr) = P r + ^G-'diXn « 0 ; T L (P L , X L ) = P L - | G^Xl « 0 .(63) 


They are provided by the definition of the conjugate momenta: 


Pr = 


dC R = JLr~ l d X 
SfdoXy 2 G 1 ■ 


R 


Pl = 


dCj 


= ^G-^Xl. (64) 


d{d 0 X 

The classical dynamic of the system is studied by defining the Poisson brackets 


{Pr-AP a )’ X R;l( T i a ')} PB = 5 ( a - O 1 • (65) 

According to the previous definition, the primary constraints satisfy the following 
algebra 


(T R;L(T,Cr), ¥ R . L (T,a')} pB 


TTG~ l 6\(r - a') 


( 66 ) 
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with S'(x) = d x S(x) and the upper [lower] sign on the right hand side of the previous 
identity refers to the label R [L] on the left of the same equation. The algebra in 
eq. (|66l) implies that these primary constraints are second class and therefore the 
Dirac quantization method has to be applied yielding: 

{X R . L {r, a), A^. l (t, a')} DB = T^e(cx - ex') 

{PR i L(T,a),X t R . L (T,a')} DB = ^(ex-ex')! (67) 

{P R , L (r, a), a')} DB = ±jG~ 1 5\a - ex') 

where e(ex — ex') is the unit step function. 

On the equation of motion, the algebra of the constraints reads as: 

{T i? (r,ex),t__(r,ex')} ps = 5'(ex - cr')G~ l d_X R (T - ex) ss 0 (68) 

with a similar relation for T L and t ++ . Here the last relation comes from the 

constraint t _~ 0. The first of the Dirac parenthesis in eq. (1671) can be rewritten 

in terms of the original variables A" and X in such a way to generalize the first 
commutator in eqs. 

{.Y(t, a), X‘(t, ~ V)I 

{P(t. <t), X‘(t, a ')} DB = {P(r, a), X‘(t, - </)I (69) 

{X!r. a), P'(t, - V) 1 

where P and P are the conjugate momenta with respect to A" and A". It is interesting 
to see that the commutators so obtained generate for the Fourier modes of the 
coordinates the standard commutators in the usual string formulation [1]: 


\PR;Li R: l\ ) [®m; ] XU GS n ^ rn () , [cim; ®n] 0 • (^0) 

These relations can be used in the constraint algebra and one recovers, in the R,bi¬ 
sectors, the usual Virasoro algebra with vanishing quantum conformal anomaly in 
D = 26. 

One can conclude that the non-covariant sigma model with an explicit 0(D , D ) 
invariance is an extension of the usual formulation of the bosonic string theory 
obtained by doubling the dimensions of the target space. The string coordinates 
on the doubled target space are non-commuting phase coordinates but generate the 
usual commutators for the Fourier modes. 
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4 Covariant action (Hull): classical and quantum 
aspects 

The covariant manifestly T-dual invariant formulation of the double string theory 
due to Hull [TO] is going to be discussed in this section. It is defined by the co¬ 
ordinates (Y(t, a), X(t, a)) mapping the string world-sheet in the target space. 
Locally, the target space looks like R 1,D_1 <g) T 2d where the coordinates Y = (' Y J ) 
(/ = 0,..., D — 1) are associated with the non-compact space-time while the co¬ 
ordinates X = (X l )(i = 1,...,2 d), through the identihcation given in eq. (j5Tj) , 
describe the double torus. 

The world-sheet action proposed in ref. [10] is 

S = -- J dX i Mij(Y) A *dX j (71) 

where M is a generalized metric. 

The action, supplemented by the torus identifications given in eq. (15T1) . is invari¬ 
ant under the GL(2d] Z) group which is the manifest symmetry of the theory [10]. 
Since the number of the coordinates on the torus has been doubled a priori , a 
self-duality constraint that could halve them has to be imposed: 

* M tj dX j = -Qij dX j . (72) 

Here H is the 0(d,d) invariant metric defined in eq. (1451) . With this choice, the 
invariance of the theory reduces to the one under 0(d, d;Z). Eq. (1721) is identi¬ 
cal to the constraint on the e-trace in the non-covariant formulation necessary for 
restoring, in that case, the Lorentz local invariance. More precisely, it reproduces 
the constraint: 

- eabCijd V + M tj d aX j = 0 (73) 

which contains, in a covariant form, both the equation of motion for y* in ec f HID 
and the constraint in eq. (143|) . It is interesting to observe here that the condition in 
eq. (172|) coincides with the one obtained in eq. (25) of ref. [4] by uniting equations 
of motion and Bianchi identities into a single equation, in a context in which duality 
rotations of scalars relate two different sigma models. 

The energy-momentum tensor obtained from this action turns out to be: 

T*p = = dcrf M dpx ~ M d 7 y. (74) 

It is traceless because of the Weyl invariance. This, together with the invariance un¬ 
der reparametrizations of the world-sheet, is used to gauge-fix the two-dimensional 
metric so that g a p = rj a p. The equations of motion for y, clearly satisfied on the 
constraint surface, are: 

d * (. Md X ) = 0 (75) 
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with boundary conditions given by the surface integral: 

<J=7T 

( 76 ) 

<7=0 

which vanishes, in particular, if periodicity conditions, peculiar of closed strings, 
are imposed. As already done in the non-covariant formulation, it is convenient to 
introduce the right and left coordinates = (X RlJj , Xl^)\ 

*' = T 'X ; r= 7f( e -i) ' (77) 

The action (ITT]) , when rewritten in terms of these coordinates, becomes: 

S = ~ J d&g - 1 A *d$ ( 78 ) 


J dr 5X t Md\X 


where the generalized metric is given now by: 



Furthermore, in the new coordinate system, the constraints become the chirality 
and anti-chirality conditions 

| = dX R - *dX R = 0 ; = dX L + *dX L = 0 (79) 

that generalize in this case the self-dual and anti-self dual constraints satisfied by the 
usual string coordinates compactihed on a torus. Eqs. (1791) formally determine four 
conditions for the X R . R coordinates. However, only two of them are independent 
and they can be written in the following form: 

('f'.RjiOo = ± r-,l) i = T3±X r -l = GP r -l ± —d\X R -L = 0 (80) 

where the definition of the conjugate momentum has been used. These constraints 
coincide with the ones in eq. (1631) and so satisfy the algebra given in eq. (1661) , 
behaving like second-class constraints. 

In the world-sheet light-cone coordinates cr 1 * 1 = r ± cr, the non-vanishing com¬ 
ponents of the energy-momentum tensor in these coordinates are: 

T ++ = i (Too + T 01 ) = d+^g-'d+Q ; T__ = i (T 00 - T 01 ) = d^'Q^d^ , (81) 

being, as usual, d± = \{Bq ± d\). It is also useful to express the components of the 
energy-momentum tensor in terms of the constraints in eq. (180]) as: 


T ++ = ^^G-^n + d+XiG^d+XL 
T__ = ^l t L G- 1 ^ L + d.X t R G~ 1 d.X R . 


( 82 ) 
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It is easy to check that the left and right sectors commute by definition, while 

{T±±, 'I ’r,l} pb = - a')^ R , L & 0 , (83) 

where the “weak” identity to zero is meant on the surface of the constraints. Fur¬ 
thermore, the following identity holds: 

{d^X R;L (r, a), a')} = 0 . (84) 

Since the constraints in eq. (l80j) behave like second class constraints, they are 
treated by the Dirac method of quantization. The Dirac brackets between the 
canonical coordinates are: 

{Pr-,l( t ’ a ), X r . l (t, a')} DB = 5{a-a') 

{X r . l (t, a), A^. l (t, °')} DB = T^e(a-cr') (85) 

{Pr ;L (t, a), P r . l (t, ct')} db = ±jG^ l 5'(a - a') . 

Furthermore, the above “second class” constraints can be strongly imposed implying 
X R = X R (a~) and X L = X L (cr + ). These identities, once solved with the closed 
string boundary conditions, lead to the the Fourier expansions given in eqs. (fTJl 

EDI). 

The expression of the energy-momentum tensor on the surface constraint sim¬ 
plifies becoming: 

T ++ = d + X t L G~ 1 d + X L ; T__ = d_X t R G~ 1 d_X R . (86) 

Eq. (I85j) determines the following Dirac brackets for the coordinates Fourier modes: 

{PR;L, xt R -L}oB = G ; {a n , cc ^}db = in G 5 n +m,o ; {d n , af^DB = in G <5 n +m,o (87) 

which again coincide with the Poisson brackets of the string modes in the bosonic 
string theory. 

The quantization of this theory is therefore exactly the same as the one of the 
Tseytlin model. 


5 Conclusion 

Two T-duality symmetric formulations of bosonic string theory have been presented. 
In absence of interaction, they are equivalent at classical and quantum level provid¬ 
ing a generalization of the usual theory. A doubling of the coordinates is required 
while the quantization generates a non-commuting geometry. 
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